In this paper we study the structure of specific linear codes called DNA codes. The first attempts on studying such codes have been proposed over four element rings which are naturally matched with DNA four letters. Later, double (pair) DNA strings or in general k-DNA strings called k-mers have been matched with some special rings and codes over such rings with specific properties are studied. However, these matchings in general are not straightforward and because of the fact that the reverse of the codewords (k-mers) need to exist in the code, the matching problem is difficult and it is referred to as the reversibility problem. Here, 8-mers (DNA 8-bases) are matched with the ring elements of R 16 = F 16 + uF 16 + vF 16 + uvF 16 . Furthermore, cyclic codes over the ring R 16 where the multiplication is taken to be noncommutative with respect to the automorphism θ are studied. The preference on the skewness is shown to be very useful and practical especially since this serves as a direct solution to the reversibility problem.
Introduction
The interest on DNA computing is initiated by Leonard Adleman [2] . Adleman solved the famous salesman problem (an NP-hard problem) in a test tube with DNA strings. Adleman considered and made use of the well-known Watson-Crick complement (WCC) which is a relation between a DNA string and its reversible complement.
DNA sequences consist of four bases (nucleotides) that are (A) Adenine, (G) Guanine, (T) Thymine and (C) Cytosine and referred as DNA letters. DNA has two strands and they are related by the rule called Watson-Crick complement (WCC) which says that a DNA string is attached to its reversible complement string and forms a helix. Briefly the WCC of A is T and vice versa and the WCC of G is C and vice versa.
In [1] , reversible complement DNA codes were generated with DNA single bases by using additive codes over F 4 which presents a matching between the four elements of the field F 4 and four DNA letters. Later, the first attempt to match multiple DNA letters (strings) with F 16 has been presented in [13] , where the elements of F 16 are matched with DNA double bases. In [13] , the reversibility problem has been resolved by introducing a 4-power table that is a map between DNA double basis and elements of F 16 . Also in [3, 13, 15] , DNA double bases are further considered. The motivation for considering strings of DNA's relies on the fact that there are identified strings (proteins) that play important role in DNA. And further there are currently many studies trying to identify the role of specific k-bases (kmers) especially studies that focus on binding sides of DNA and trying to determine the most frequent 8-mers [10] .
Firstly, the ring on which linear codes are defined in this paper is a 16 4 element commutative non chain ring 
In order to clarify the reversibility problem we present a concrete example. Let (α 1 , α 2 , α 3 ) be a codeword corresponding to AATTGGCCTTTT (a 12-string) where α 1 →AATT, α 2 →GGCC, α 3 →TTTT and α 1 , α 2 , α 3 ∈ R 16 . The reverse of (α 1 , α 2 , α 3 ) is (α 3 , α 2 , α 1 ), and (α 3 , α 2 , α 1 ) corresponds to TTTTGGCCAATT. However, TTTTGGCCAATT is not the reverse of AATTGGCCTTTT. Indeed, the reverse of AATTGGCCTTTT is TTTTC-CGGTTAA.
Note that, in this study, an element of F 16 + uF 16 + vF 16 + uvF 16 corresponds to a DNA 8-bases. For example α + u + α 3 v + α 2 uv corresponds to GACATAAT.
Some studies on multiple DNA letter matchings which naturally leads to the reversibility problem can be found in [1, 3, 13, 12, 15] , where the researchers have aimed to solve the reversibility problem on DNA codes and generated reversible and reversible complement DNA codes.
In this study, first we explore skew cyclic codes over F 16 + uF 16 + vF 16 + uvF 16 . Then, we present a solution to the reversibility problem for DNA 8-bases and obtain reversible DNA codes. We accomplish this task by considering skew cyclic codes over a skew polynomial ring defined via an automorphism and by choosing special factors of x n − 1.
Preliminaries and definitions
In this section we give some basic properties and definitions of skew cyclic codes and reversible DNA codes.
Definition 2.1.
[8] Let R be a commutative ring with identity and θ be an automorphism over R. The set of polynomials R[x; θ] = {a 0 + a 1 x + ... + a n−1 x n−1 |a i ∈ R, n ∈ N} is called the skew polynomial ring over R where addition is the usual addition of polynomials and the multiplication is defined by xa = θ(a)x (a ∈ R) and extended to polynomial multiplication naturally.
Skew cyclic codes were originally introduced by Boucher et al. in [4] by using skew polynomial rings over the finite field F q . A skew cyclic code is defined to be a linear code (an R-submodule of R n ) C of length n over R which further satisfies the property that (θ(c n−1 ), θ(c 0 ), ..., θ(c n−2 )) ∈ C, for all (c 0 , c 1 , ..., c n−1 ) ∈ C. In polynomial representation, a skew cyclic code C of length n over F q corresponds to a left ideal of the quotient ring
is not a ring anymore. In this case the skew cyclic code C can be considered as left [11] . In both cases C is generated by a monic polynomial g(x) which is a right divisor of x n − 1 in F q [x; θ] and denoted by C = (g(x)). Recently, definition of skew cyclic codes over finite fields has been extended to rings. For instance; skew cyclic codes are defined over finite chain rings in [9] , over Galois rings in [5] , over F q + vF q in [7] . Definition 2.2. Let C be a code of length n over F q . If c r = (c n−1 , c n−2 , . . . , c 1 , c 0 ) ∈ C for all c = (c 0 , c 1 , . . . , c n−1 ) ∈ C, then C is called a reversible code.
3 Reversible DNA codes over R 16
In this study, we define skew cyclic codes over the ring R 16 = F 16 + uF 16 + vF 16 + uvF 16 . R 16 is a commutative non-chain ring where u 2 = u, v 2 = v and uv = vu. By Chinese remainder theorem we can decompose R 16 as follows:
We define a Gray map;
In [14] , skew cyclic codes over the ring R q , where q = p m and p is an odd prime, are defined with respect to the automorphism θ ′ (a + ub + vc + uvd) = a p + uc p + vb p + uvd p . Here we study skew cyclic codes with q = 16 and introduce a new automorphism over R 16 ;
Naturally, R 16 [x; θ] is a skew polynomial ring and a skew cyclic code C of length n over R 16 corresponds to a left R 16 -submodule of R 16 [x; θ]/(x n − 1). Because of the complexity of classifying all left submodules of R 16 [x; θ]/(x n − 1) we make use of the Gray image of C by defining the following subspaces over F 16 .
and each C i is a linear code of length n over F 16 for i ∈ {1, 2, 3, 4}.
In [13] , Table 1 gives a mapping τ between elements of F 16 and DNA pairs in such a way that each element of F 16 and its 4th power are mapped to DNA pairs, which are reverses of each other. For example, in Table 1 τ (α) =GC while τ (α 4 ) =CG. This map can be naturally extended to a map τ 2 from F 4 16 to DNA 8-bases as follows;
) where a, b, c, d ∈ F 16 . Throughout the paper we will use α as in Table 1 .
To make the connection between skew cyclic codes over R 16 and DNA codes we define a map ϕ = τ 2 • φ and so for any a + ub + vc + uvd ∈ R 16 ; ϕ(a + ub + vc + uvd) = τ 2 (φ(a + ub + vc + uvd)) = (τ (a + b + c + d), τ (a + c), τ (a + b), τ (a)). In this way for any β = a + ub + vc + uvd ∈ R 16 ; ϕ(β) and ϕ(θ(β)) are DNA reverses of each other, since ϕ(θ(β)) = τ 2 (a 4 , (a + b) 4 , (a + c) 4 , (a + b + c + d) 4 ). This map can naturally be extended to n-tuples coordinatewise. For any c = (c 0 , c 1 , . . . , c n−1 ) ∈ R n 16 we have
Definition 3.2. Let C ⊆ R n 16 . If ϕ(c) r ∈ ϕ(C) for all c ∈ C, then C or equivalently ϕ(C) is called a reversible DNA code.
Definition 3.3. [6] Let f (x) = a 0 + a 1 x + . . . + a t x t be a polynomial of degree t over R 16 . f (x) is said to be a palindromic polynomial if a i = a t−i for all i ∈ {0, 1, . . . , t}. And f (x) is said to be a θ-palindromic polynomial if a i = θ(a t−i ) for all i ∈ {0, 1, . . . , t}. 
α + α 3 CA α 10 1 + α + α 2 GG α 11 α + α 2 + α 3 CT α 12 1 + α + α 2 + α 3 GA α 13 1 + α 2 + α 3 TG α 14 1 + α 3 TC Let C be a skew cyclic code of length n over F q with respect to an automorphism θ ′ . If the order of θ ′ and n are relatively prime then C is a cyclic code over F q [11] . Similarly, any skew cyclic code of odd length over R 16 with respect to θ is a cyclic code, since the order of θ is 2. For this reason we restrict the length n to even numbers only.
In [13] , reversible DNA codes were obtained by indirect methods such as using lifted polynomials. However, here by considering skew cyclic codes with special generators we are able to construct reversible DNA codes directly. The skewness property not only provides a richer source for DNA codes but also proves to be more practical.
Theorem 3.4. Let C = (g(x)) be a skew cyclic code of length n over R 16 where g(x) is a right divisor of
Proof. Let g(x) be a θ-palindromic polynomial. Recall that ϕ gives the correspondence of codewords in DNA form. Reverses of each DNA codeword ϕ(c), for c ∈ C, are obtained by the following equation:
where k = n − deg(g(x)) and β i ∈ R 16 and note that, we do not distinguish between the vector representation and the polynomial representation of a codeword in R n 16 . Since i θ(β i )x k−1−i g(x) ∈ C, then ϕ(C) is a reversible DNA code.
Example 3.5.
) is a skew cyclic code over R 16 with the parameters [6, 3, 4] . Since the degree of g(x) is odd and it is a θ-palindromic polynomial thus ϕ(C) is a reversible DNA code.
Theorem 3.6. Let C = (g(x)) be a skew cyclic code of length n over R 16 where g(x) is a right divisor of x n − 1 in R 16 [x; θ] and deg(g(x)) is even. If g(x) is a palindromic polynomial then ϕ(C) is a reversible DNA code.
Proof. Let g(x) be a palindromic polynomial. Recall that ϕ gives the correspondence of codewords in DNA form. Reverses of each DNA codeword ϕ(c), for c ∈ C, are obtained by the following equation:
where
) and β i ∈ R 16 and note that, we do not distinguish between the vector representation and the polynomial representation of a codeword in R n 16 . Since i θ(
Example 3.7.
) is a skew cyclic code over R 16 with the parameters [6, 4, 4] . Since the degree of g(x) is even and it is a palindromic polynomial thus ϕ(C) is a reversible DNA code.
Remark 3.8. To illustrate the proof of Theorem 3.4 and Theorem 3.6, we let C = (g(x)) be a skew cyclic code of length 8 over R 16 . Suppose that g(x) is a θ-palindromic polynomial of degree 5, then g(x) = g 0 + g 1 x + g 2 x 2 + θ(g 2 )x 3 +θ(g 1 )x 4 +θ(g 0 )x 5 , for some g 0 , g 1 , g 2 ∈ R 16 . In vector representation g(x) corresponds to the codeword c = (
, ϕ(θ(g 1 )), ϕ(θ(g 0 )), ϕ(0), ϕ(0)) r = (ϕ(0), ϕ(0), ϕ(g 0 ), ϕ(g 1 ), ϕ(g 2 ), ϕ(θ(g 2 )), ϕ(θ(g 1 )), ϕ(θ(g 0 )))
where c ′ = (0, 0, g 0 , g 1 , g 2 , θ(g 2 ), θ(g 1 ), θ(g 0 )). Since c ′ is the vector representation of the polynomial x 2 g(x) we have c ′ ∈ C. Hence g(x) and x 2 g(x) correspond to the DNA codewords that are DNA reverses of each other. Similarly, for any β ∈ R 16 , corresponding DNA codewords of the polynomials βg(x) and θ(β)x 2 g(x) are DNA reverses of each other.
Conclusion
In this study, the algebraic structure of skew cyclic codes with some specific properties that lead to construction of reversible DNA codes is studied. Here, in order to establish a matching to 8-mers, a specific ring is considered and codes over this ring are studied. It is also observed that the skew property of the polynomial ring serves better than the case over commutative rings. Future studies over more general k-mers (k > 8) and the dual codes over these rings as DNA codes are still interesting problems to be considered.
